The evolution of evaporating charged black holes is complicated to model in general, but is nevertheless important since the hints to the Information Loss Paradox and its recent firewall incarnation may lie in understanding more generic geometries than that of Schwarzschild spacetime. Fortunately, for sufficiently large asymptotically flat ReissnerNordström black holes, the evaporation process can be modeled via a system of coupled linear ordinary differential equations, with charge loss rate governed by Schwinger pairproduction process. The same model can be generalized to study the evaporation of AdS Reissner-Nordström black holes with flat horizon. It was recently found that such black holes always evolve towards extremality since charge loss is inefficient. This property is completely opposite to the asymptotically flat case in which the black hole eventually loses its charges and tends towards Schwarzschild limit. We clarify the underlying reason for this different behavior.
Charged Black Holes Amidst Paradoxes
The discovery that black holes radiate [1, 2] raised the important question about the fate of the information that falls through the horizon. A pure state that collapses to form a black hole ends up as thermal radiation of mixed state after the black hole evaporates away [see however, [3] ]. Such violation of unitarity is argued to be a dire consequence from the point of view of quantum theory [although not everyone agrees [4] ].
Many ideas had since been proposed to retrieve information from black holes. One rather commonly accepted idea is that the information is not truly lost, but highly scrambled [5] and entangled among the Hawking radiation. The late time Hawking radiation subsequently purifies the earlier Hawking radiation, thus recovering the initial pure state [6, 7] . Indeed, it has been proposed that by collecting and then running the collected radiation through a powerful quantum computer, the scrambled information can be decoded [8] [see however [9] [10] [11] , and discussion below]. Despite this, the Information Loss Paradox was not resolved. On the contrary, the issue is now plagued with even more confusions when it was raised that allowing information to be recovered in such a manner [apparently] causes an equally unpalatable consequence -spacetime at the horizon ceases to be vacuum and is in fact shrouded by "firewall" [12, 13] [see also [14] ]. This is in conflict with what we expect from general relativity -there should be "no drama" at the horizon, especially if the black hole is so large that the curvature there is negligibly small.
In the literature, most of the discussions about information loss and firewall are centered around [asymptotically flat] neutral black holes, mainly because these are the simplest. However, such black holes inevitably get extremely hot near the end of their evaporation. At such temperature, physics is poorly understood as effective field theory begins to fail. Furthermore, since black holes can and do pick up electrical charges and/or angular momentum even if it starts with perfectly neutral and static initial configuration [charged particles are created in the vicinity of the hole by quantum fluctuation -in fact, by the Hawking process], it is important to study more generic black hole geometries than pure Schwarzschild manifold.
In a recent work [15] , it is argued that the best arena to study evaporating charged black holes is anti-de Sitter [AdS] space, because it is also in the context of AdS/CFT correspondence [16] that maintenance of unitarity of black hole evaporation is most evident. In particular, the idea is to study charged black holes with flat horizon, that is, the horizon has either planar or toral topology. [In 4-dimensional spacetime, a planar horizon has trivial R 2 topology, while toral horizon has quotient topology T 2 = R 2 /Z 2 .] These charged flat black holes have the virtue that they are dual to field theory that behaves a lot like Quark-Gluon Plasma [QGP] [17] , and as such constitutes one of the most well-understood system of quantum gravity. We find that these charged black holes -in the regime of validity of our model -always evolve towards extremal limit. This allows us to deduce that such black holes are always destroyed in one way or another as it becomes sufficiently cold, and thus Harlow-Hayden proposal [18, 19] Fig.(1) ]. This is of course not the case [since the differential equations do not hold charge to be fixed]; the charges are lost, but at a rate too slow to be noticeable at the scale of the plot. Figure 1 : The evolution of mass and charge of a generic toral black hole with large L. Time t is measured in years. Note that we are allowed to have Q > M since the extremal black hole does not satisfy Q = M [see section 3] . The charge Q is not strictly constant, but drops by an amount too small to be noticeable at this scale.
This behavior comes at a surprise since based on flat space intuition one would expect that a black hole tends to lose charge faster than it loses mass, due to the fact that electromagnetic interaction is so much stronger than gravitational interaction. More precisely, we expect that discharge can only be avoided if gravitational attraction far exceeds Coulomb repulsion for the lightest charged particle pair, namely the electron and positron. This means M m/r 2 Qe/r 2 , where m and e are the mass and charge of the electron 1 . A black hole is thus expected to discharge down to Q/M m/e ≈ 10 −21 . In fact, Hiscock and Weems [20] [see also [21] ] investigate sufficiently massive charged 1 Here, and until further notice, we follow the units and conventions of Hiscock and Weems [20] , with G = c = 1 but = 1. Consequently, G/c 3 = ≈ 2.61 × 10 −66 cm 2 . Also, Boltzmann constant k B = 1. Without loss of generality, we will choose the charge of the black hole to be positive. The unit of charge follows the Gaussian system, and is such that M = Q defines the extremal [asymptotically flat] Reissner-Nordström geometry.
black holes in asymptotically flat spacetime and showed that this is indeed what happens -the black holes always eventually tend towards the Schwarzschild limit, although the charge-to-mass ratio is not necessarily monotonically decreasing depending on the exact initial conditions 2 . This raises an interesting question: why does charged flat black holes behave so much differently than their asymptotically flat counterparts 3 ? This puzzle is even more pronounce if one considers the fact that the work in [15] concerns black hole spacetimes with large AdS length scale L 10 8 cm, i.e., small cosmological constant Λ = −3/L 2 < 0, and it does not seem obvious why an asymptotically flat spacetime with Λ = 0 allows charge loss to be so much more effective than asymptotically AdS one with |Λ| ≈ 0. In this work, we clarify the underlying physics of charge loss, starting with a more detailed analysis of the original work of Hiscock and Weems concerning asymptotically flat charged black holes, and then moving on to the case of AdS black holes.
Evolution of Asymptotically Flat Reissner-Nordström Black Holes
The metric of an asymptotically flat Reissner-Nordström black hole is
The horizon of the black hole is located at coordinate radius
and the Hawking temperature is given by
Due to the difficulty in modeling evaporation of charged black holes in general, Hiscock and Weems [henceforth, HW] restricted their investigation to sufficiently large black holes. Since the temperature is inversely proportional to radius for these black holes, they are also necessarily very cold. Hawking [2] calculated that the number of particles of the jth species with charge e emitted in a wave mode labeled by frequency ω, spheroidal harmonic l, and helicity p is given by [if we ignore angular momentum of emitted particles and rotation of the hole]
where T is the temperature of the black hole. The plus sign in the denominator corresponds to fermion, while minus sign corresponds to boson. Here Γ jωlp denotes the absorption probability for an incoming wave of the specific mode.
In the low temperature case, Gibbons [26] showed that emission rate of charged particles is well described by Schwinger process [27] , while thermal emission is considered to only produce massless particles. It is important to note, as HW did, that although charged particle emission can be modeled separately from the thermal Hawking flux of neutral particles, they are all part of Hawking radiation. This is because emission of charged particle is thermodynamically related to a chemical potential associated with the electromagnetic field of the black hole. Furthermore, from Eq.(4) we see that the precise statement is actually the following: At all nonzero temperature T , all species of particles regardless of whether they are charged, are emitted by Hawking radiation. However, at low temperature, production of charged [and therefore massive] particles is exponentially suppressed by the Boltzmann factor. In the model adopted by HW, this suppression, as we will see, is realized via the exponential term in the Schwinger process 4 , which describes the rate of pair creation per unit 4-volume Γ by
A characteristic scale involved in the Schwinger process is the Schwinger critical charge E c := πm 2 /( e). For convenience, HW denote its inverse by Q 0 := e/(πm 2 ). Indeed, in addition to the "weak-field approximation" in which one ignores all higher order terms, HW also apply the series approximation 5 for the complementary error function erfc(x) = 1 − erf(x), namely,
to the charge loss rate [obtained from integrating Γ]
Thus, they obtained, finally, the ordinary differential equation that governs charge loss as
Note that the series approximation applying to erfc(r h / √ QQ 0 ) means that HW are necessarily only restricting their analysis to the case
That is to say, charged particle production is greatly suppressed as required. Thus, despite the occurrence of Schwinger formula, for the model to be self-consistent, we actually want the Schwinger effect [which produces copious amount of charged particles] to not set in. In other words, charge loss is inefficient in the regime of validity of the model. Therefore the puzzle is more appropriately phrased as follows: why is charge loss so much more inefficient in the case of charged flat black holes than their asymptotically flat cousins? With this question in mind, let us first review the results of Hiscock and Weems. Having introduced the physics of charge loss, the mass loss of the black hole can be described by
The first term on the right describes thermal mass loss due to Hawking radiation; which is just the Stefan-Boltzmann law, with a = π 2 /(15 3 ) denoting the radiation constant 6 . The quantity σ denotes the area of the emitting surface, which is not the event horizon but the surface that corresponds to the [unstable] photon orbit. The reason is that only particles that have enough energy can escape the effective potential barrier, with local maximum at the photon orbit [see Fig.( 6.5) of [28] ]. The constant α depends on the number of species of massless particles; it is essentially the so-called "grey-body factor". Due to the huge time scale involved in the life time of black holes, and the fact that α only gives order one correction [20] , we will henceforth set α = 1 for simplicity. The second term in Eq. (11) is of course due to mass loss of charged particles. It is in fact the same term that appears in the first law of black hole mechanics in general relativity: dM = (κ/8π)dA + (Q/r h )dQ + ΩdJ.
Eq.(9) and Eq.(11) form a system of coupled linear ODEs, which can be numerically solved once the initial mass and initial charge are specified. HW found that although asymptotically flat charged black holes always evolve towards the Schwarzschild limit, the evolutionary path each black hole takes depends on the initial charge-to-mass ratio Q/M . For low Q/M ratio, the black holes are in "mass dissipation zone" -they lose mass faster than charge and thus actually, initially tend towards extremal limit. Their specific heat changes sign from negative to positive. Eventually however, their evolution leaves the positive specific heat region of the parameter space, and they flow along an attractor that brings them towards the Schwarzschild limit.
One interesting feature for these black holes is that, while electrical charge stays almost constant initially, mass steadily decreases, until M ∼ Q, and then they start to evolve together [since for M ∼ Q, we have T ∼ 0 and dM/dt ∼ dQ/dt] for some time. Consequently the black hole -depending on the exact initial conditions [such as the one in the right plot of Fig.(2) ] -can stay near extremal limit for a long time, until Q/M starts to decrease.
Note that although it may appear from the plots that Q ∼ M even at this stage, this is only because the scale does not resolve the two curves close enough to see the difference between them. For easier comparison we can plot both M − Q as a function of time [see Fig.(3) ] in which it is evident that the difference between M and Q can be large towards the end. Note also that the eventual decrease in M − Q is not inconsistent with the 
can be negative, i.e., Q/M is decreasing, if
Recall that dM/dt and dQ/dt are both negative. Thus this is equivalent to
Therefore d(Q/M )/dt can be negative even if dM/dt < dQ/dt, or equivalently, |dM/dt| > |dQ/dt|, provided that Q/M is small enough. This is precisely what happens towards the end of the evolution as depicted in Fig.(3) . Highly charged black holes however, are in "charge dissipation zone" -they lose their charge steadily and evolve towards Schwarzschild limit without any surprising behavior [20] . Despite the fact that it looks like both charge and mass drop rapidly when one plots the entire evolution of the black hole [see the left plot of Fig.(4) ], this is again an illusion due to the scale involved. If one zooms in to the "rapid drop" portion of the graph, it becomes clear that the process takes quite a long time by "normal" standard [although short relative to the much longer time required to decode Hawking radiation], specifically, O(10 79 ) years in the example plotted [see the right plot of Fig.(4) ]. This is consistent with the fact that charge loss is not supposed to be rapid.
At this point of the discussion, it is insightful to consider an extremal black hole, characterized by M = Q. Its horizon is located at r h = M . Note that an extremal black hole has absolute zero temperature; it does not emit any Hawking radiation 7 . Nevertheless, the ODE system of Hiscock and Weems still works -it reduces to only one ODE governing the charge loss rate:
Of course this ODE ceases to model Hawking radiation, however it nevertheless still describes charge-loss of extremal black hole via [non-thermal] Schwinger process [23, 38, 39] . This ODE has the form
which is readily solved to yield [see Fig.(5) ].
The function Q(t) stays more or less constant initially but then eventually starts to drop and becomes zero at One can see that this behavior is essentially the same as how charge evolves for nonextremal black holes in the mass dissipation zone, although the time it takes for Q(t) to vanish is extended some what. This is understandable since with thermal correction charge dissipation becomes slower [near-extremal hole has larger surface area and thus smaller electric field than exactly extremal hole]. One can check numerically that the lifetime of charged black holes, regardless of whether they started off in the mass dissipation zone or the charge dissipation zone, is always longer than an extremal hole of the same initial charge.
We now turn our attention to charged flat black holes.
The Curious Case of Charged AdS Flat Black Holes
In [15] , the analysis of Hiscock and Weems was extended to asymptotically locally AdS charged black holes with flat horizon. In four-dimensions, such charged flat black holes have metrics of the form [see [40] ]
where ζ and ξ are dimensionless coordinates on a flat 2-dimensional Riemannian manifold [and thus has scalar curvature k = 0]. M * and Q * are mass and charge parameters, respectively. They are defined as follows. If the horizon is compact, we take it to be a flat square torus with area 4π 2 K 2 , in which K is a dimensionless "compactification parameter", and define M * as M/(4π 2 K 2 ). Similarly we define Q * = Q/(4π 2 K 2 ). Here M and Q are the physical mass and charge of the hole. [In AdS/CFT application, the mass and charge densities of the black hole in the AdS bulk are defined by the field theory on the boundary]. In the case of planar [non-compact] horizon, we simply let M , Q, and K tend to infinity in such a way that the quantities M * and Q * always remain finite. Following the convention in [15] , here we employ Heaviside-Lorentz unit for the electric charge in the case of flat charge black hole, so that instead of Q in Gaussian unit, we now write Q/ √ 4π. It can be checked that, given any mass M , the extremal charge is
It is therefore convenient to define a dimensionless function
so that the [normalized] charge-to-mass ratio becomes unity at extremality. Indeed, we have Q wM
The ODE system is then obtained in more or less the same manner as HW did. Nevertheless, there are many subtleties involved. For example, the area of the radiative surface is independent on the mass of the black hole, and is simply 4π 2 K 2 L 2 . Furthermore, the validity of series approximation for Schwinger formula is also mass independent. Instead it only requires large L, specifically L 10 8 cm. See [15] for details. Here we only write down the final results:
with the Hawking temperature given by
Unlike asymptotically flat case in which the black holes in mass dissipative zone change the sign of their specific heat as they become highly charged, we found no such behavior in the case of charged flat black holes [at least for large L], and their specific heat always stays positive. Recall that in asymptotically flat case the charge-to-mass ratio of a black hole that started off in the mass dissipative zone initially increases but then decreases as it starts to flow down an attractor in the parameter space. HW showed that the attractor is defined by the positive specific heat region in the parameter space. Therefore, the absence of sign change in the specific heat of charged flat black hole is consistent with the numerical evidence that the [normalized] charge-to-mass ratio always increases. [One such example is provided in Fig.(6) .] The reason that the [normalized] charge-to-mass ratio never decreases is due to the fact that -as Fig.(1) indicates -the charge of the black hole never decreases appreciably, unlike asymptotically flat black holes [ Fig.(2) and Fig.(4) ]. Since we are dealing with large L and so presumably close to asymptotically flat case, it is tempting to ask why the results are so different. The reason is this: asymptotically flat Reissner-Nordström spacetime is not the limit of charged flat black holes as we take L → ∞, as one can check from the metric tensors explicitly. In the toral case this is even more obvious since spacetime is foliated by 2-tori instead of 2-spheres, and one cannot take limit to pass from one topology to another. In other words, despite the fact that pair production by Schwinger process can be said to be local [in the sense that particles are produced near the field-emitting body], one should not expect that the results from asymptotically flat spacetime to also hold in an asymptotically locally AdS spacetime.
Of course, one would expect that the L → ∞ limit for an asymptotically AdS charged black hole with spherical topology to correctly recover the behavior of the asymptotically flat case, which also has spherical topology. Such black hole has metric of the form [switching back to Gaussian unit for electrical charge, for easier comparison with asymptotically flat case and HW's analysis.]
where dΩ 2 is the standard metric on the 2-sphere. The horizon of the black hole is located at coordinate radius
Given any mass M , the extremal charge is given by
The normalized charge-to-mass ratio is then Q/(wM ), where
The [unstable] photon orbit in this case does depend on M and Q, and takes the form [41, 42] 
which reduces to the familiar r ph = 3M value for Schwarzschild black hole when Q → 0. Note also that this expression is independent of L. The corresponding impact parameter b can be calculated straight forwardly, although the expression is complicated and yields no immediate insight to be included here 8 . That expression can then be substituted into the ODE system of HW, namely Eq.(11), with σ = πb 2 . The numerical evidence does show the same behavior as asymptotically flat Reissner-Nordström black hole, as expected. Namely, for black holes which are not highly charged, although their [normalized] chargeto-mass ratio increases at first, that ratio eventually does turn over and tends towards neutral limit [ Fig.(7) ].
On the other hand, as expected, the [normalized] charge-to-mass ratio for highly charged black holes simply decreases steadily. Charge loss and mass loss proceed relatively rapidly at the beginning of the evolution [see the right plot of Fig.(8) ], although by "normal" standard it takes quite some time as Fig.(9) shows.
Having explained why charged flat black holes are not expected to behave like asymptotically flat case even if L → ∞, we still have not explain why charge loss is so much 8 In the case of neutral black hole, it is
, which reduces to the well-known value 27M for Schwarzschild geometry when we take L → ∞ limit. more inefficient for charged flat black holes. To do this we have to take a closer look at the ODE system in Eq. (23) . Again, let us consider an extremal black hole. As it turns out this already provides an insight into the puzzle since, as we argued before [in the asymptotically flat case], thermal correction for non-extremal black holes only extends the discharge time even more. The objective here is to show that for extremal black hole, the rate of charge loss is practically zero. The exponential term in the Schwinger formula is For charged flat black hole, the extremal horizon is located at
and the extremal charge is given by
. Upon substituting this into Eq.(30), we find that M and K dependence both drop out of the exponential term, and the charge loss formula now reads
where
and
Upon evaluating the numbers, one finds that say, if M ∼ L = 10 15 cm, then
which is completely negligible.
The only way for charge loss to become appreciable is to have the black hole mass parameter M * to be extremely large. However this is not feasible since in our model, following Hiscock and Weems, we need the black hole to be cold, so that charge loss can be effectively modeled by Schwinger formula separately from thermal mass loss. This imposes constraint on the mass of the black hole. In [15] , it was shown that for neutral toral black hole with K = 1 and L = 10 15 cm, we need M < O(10 97 ) cm. Charged black holes can of course tolerate higher bound for mass since its temperature is lower. Knowing a posteriori that the black holes are destroyed when it reaches 92% of the extremal charge, we can give a somewhat more general bound as follows.
The temperature of the black hole is
in which the event horizon can be parametrized by a dimensionless function γ(t) ∈ [1/2, 2] as [15] 
such that γ = 1/2 corresponds to extremal black hole and γ = 2 to a neutral black hole. At 92% of the extremal charge, we have Q/(wM ) = 0.92, i.e.
This allows us to re-write the expression of Hawking temperature in Eq.(36) as
This can of course be expressed in terms of M * and Q * , which would make sense for the planar black hole as well.
Requiring that T < 2m yields a bound on M * :
We see that this bound is quartic in L, and therefore has no hope to counteract the effect of the suppression term which is exponential in L, for large L. Putting in numbers for definiteness by setting L = 10 15 cm, and that 1/2 ≤ γ ≤ 2 taking some value close to 1/2, we find that M * O (10 96 ). This amount -which is monotonically decreasing -is then divided by L before multiplying with 10 −1979725 , which still yields an extremely small number.
Of course the rate dQ * ext /dt depends on L, and indeed upon substituting Eq. (41) , which as we recall, originated from requiring that Schwinger effect be sufficiently suppressed, and mathematically, from the requirement that the series approximation in Eq.(6) holds, which requires x 1. The bound L L c corresponds to x 10, which is consistent with x 1. [The asymptotic series actually "converges" rather quickly as x increases, and so one does not need to go to even higher power to get a good approximation.] In other words, the bound L 10 8 cm certainly should not be treated as L 10 8 cm, but an order or two greater to obtain a good approximation. This is the reason the value L = 10 15 cm was used in the numerical work in [15] , and also the reason why we should not worry that L L c seems to lead to different physics -this just means that the model already breaks down at that point 9 , and a separate, careful treatment is needed to model Hawking evaporation. Indeed, for small enough L [though of course still much larger than string length], we expect charge loss to become efficient. Nevertheless, mass loss is also more efficient at the same time. Therefore it is not clear that the [normalized] charge-to-mass ratio will evolve differently. We leave this detailed investigation for future work.
Let us now be more explicit in our claim that considering non-extremal black holes does not help to increase charge loss rate. The charge loss for a generic charged hole is similar to Eq.(32), but instead of Q * ext = wM * , we now have Q * = δ × (wM * ) where δ ∈ [0, 1], with δ = 1 for extremal hole and δ = 0 for neutral hole. In addition, the horizon is given by Eq. (37) . Therefore one obtains
Note that δ, M * and γ are all functions of t. We immediately observe that if δ is small, which corresponds to near-neutral limit, the exponential factor is near unity, but the charge loss rate remains small due to the δ 3 factor. In general, it suffices to show that 
The last inequality follows from
and the fact that 0 < exp(−BL) ≤ 1.
9 Indeed, a sign that the model breaks down for L L c is that numerical artifacts, e.g. apparent spiking up of the charge, start to show up in that range.
Thus, starting with the same initial mass, the initial charge loss rate for a non-extremal black hole is indeed smaller than that of the extremal black hole. Since mass is monotonically decreasing, the rate for charge loss remains low throughout the evolution.
Therefore, we have the following result:
Proposition 1 For any initial mass in the regime of validity of the model 10 , and independent of both the compactification parameter K and the [normalized] charge-to-mass ratio Q * /(wM * ), the charge loss rate of a charged flat black hole, which is given by the metric g (AdSRN[k=0] ) in Eq. (19) , is [practically] zero.
Thus, the reason why electrical charge stays almost constant is due to the fact that we are dealing with large AdS length scale L, and the fact that L appears in such a way in the Schwinger formula as to conspire to suppress charge production by an enormously large exponential factor. Note that this behavior is not present in asymptotically flat case, which, as we have seen in the previous section, discharges in a "reasonably short" time scale.
Conclusion: Charge Loss Inefficiency Leads to Extremal Attractor
We have explained why AdS-Reissner-Nordström black holes with flat horizon [of either planar or toral topology] and large L practically have constant charge, and thus as mass continues to evaporate away, the black holes inevitably evolve towards extremal limit, i.e, the extremal limit is an attractor. We also explained why such behavior, which is completely different from asymptotically flat charged black holes, is not inconsistent with the latter. Indeed, while setting L → ∞ in a geometry that corresponds to AdS-ReissnerNordström black hole with horizon having spherical topology does recover the same qualitative behavior found in asymptotically flat case, setting L → ∞ in charged flat black hole spacetimes does not. The latter simply has different topology, and we cannot pass from one topology to another by taking limit.
Due to the charge loss rate dQ * /dt remaining small throughout the evaporation of charged flat black holes in the large L regime, they are all driven towards extremality as they steadily lose mass. Eventually, when these black holes reach around 92% of the extremal charge, brane-pair production instability [43, 44] is triggered and they are destroyed, as was argued in [15] .
